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Abstract 



We study localization properties of various bulk fields on a dilatonic p-brane which 
is delocalized along its transverse directions except one. We find that all the bosonic 
and fermionic bulk fields can be localized on the delocalized dilatonic p-brane in a strict 
sense, namely the Kaluza-Klein zero modes of the bulk fields are normalizable and are 
localized around the brane, for any values of the dilaton coupling parameter. 
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Recently, there has been active interest in brane world scenarios |Q, @, H, §J, be- 
cause they provide possible attractive solutions to the hierarchy and the cosmological 
constant problems. In brane world scenarios, it is generally assumed that only gravity 
lives in the bulk and all the fields of the Standard Model are confined within the brane 
worldvolume. Such point of view may be natural in string theories, where matter fields 
on the brane can be identified as open string modes and the gravity in the bulk is a 
closed string mode. But when we consider the embeddings of brane world scenarios into 
supergravity theories, we usually encounter various bulk matter fields, especially those 
compactified from 10 or 11 dimensions if we are interested in effective supergravity 
descriptions of string theories. So, it would be of interest to study various bulk matter 
fields in brane world models. (The previous studies on various bulk fields in the brane 
world scenarios can be found, for example, in Refs. [^, |, [/], f| §, |H], |ll|, [12|, [13], H-) 



In the case of the Randall-Sundrum (RS) domain wall with noncompact extra space 
it was shown [|, [7|, ||, ||, [10], [11], [L^] that it is impossible to localize bulk gauge fields 



and bulk fermionic fields on the domain wall through purely gravitational mechanism. 
(Cf. See also Refs. |L5], [16], |P7fl.) It was also proposed that a U(l) field on the brane 



originates rather from two bulk two-form potentials [[TBI TJ] and alternative methods 



for localizing the bulk U(l) field were also proposed p0| , pT| . In our previous works 
|22| , p3j p4fl , we showed that dilatonic domain walls can also localize bulk gravity, 
provided the tension of the wall is positive. Unlike the (nondilatonic) RS domain wall, 



the dilatonic domain walls are shown 23 to localize all the bosonic and fermionic 



bulk fields, provided the dilaton coupling parameter is large enough in some cases. 
However, some of bulks fields are not localized on the dilatonic domain walls in a strict 
sense. Namely, although the Kaluza-Klein (KK) zero modes of all the bulk fields are 
normalizable, the KK zero modes of some bulk fields are evenly distributed along the 
extra spatial direction or localized away from the wall. Another problem with the 
dilatonic domain walls which localize gravity is that there are naked singularities at 
finite distance away from the wall. 



In Ref. |25|| , we studied localization properties of bulk gravity on dilatonic p-branes 
in arbitrary spacetime dimensions. We showed that generally bulk gravity cannot be 
localized on a p-brane (with the codimension higher than or equal to three) unless 
the transverse space is truncated, for example, through the introduction of another 
p-brane at finite distance from the existing one. However, when all the transverse 
directions except one are delocalized, the bulk gravity is shown to be localized on the 
brane, if a parameter in the p-brane harmonic function is chosen such that there are 
curvature singularities on both sides of the brane at finite coordinate distance. Such 
singularities of the delocalized p-branes are less harmful than the naked singularities of 
the dilatonic domain wall in a sense that massive matter with finite energy can never 
reach the singularities, being repelled by the singularities. The warp factor, which sets 
the energy scale on the hypersurface, of such delocalized brane solution increases as one 
moves away from the brane, asymptotically approaching infinity as the singularities are 
approached. So, one may regard such delocalized brane as the TeV brane. In this note, 



we study the localization properties of various bulk fields on the delocalized dilatonic 
p-branes. We find that all the bosonic and fermionic bulk fields are localized on the 
brane in a strict sense, namely not only the KK zero mode is normalizable but also its 
field distribution is localized around the brane. 

We begin by discussing delocalized dilatonic p-brane solution studied in Ref. p5 . 
Just as in Ref. [25 ], we regard the p-brane as a solitonic brane magnetically charged 
under the field strength F n of the rank n = D — p — 2, although such assumption is 
not essential for our discussion. The action for a dilatonic p-brane in .D-dimensional 
spacetime with an arbitrary dilaton coupling parameter a p is 
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The solution for the extreme dilatonic p-brane with the longitudinal coordinates x = 
(x , . . . ,x p ) and the transverse coordinates y = (y 1 , . . . ,y n+1 ), located at y = 0, has 
the following form: 
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F n = -k(dH p A dt A dx\ A ... A dx p ), 
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Such dilatonic p-brane covers all the possible single charged p-branes in string theories. 
We assume that the p-brane is delocalized in the n-dimensional subspace K, n with the 
coordinates y l (i = 1, . . . , n) of the transverse space, where fC n is a Ricci flat compact 
manifold with the metric ds^ = gij(y k )dy l dyi . Then, the metric of the delocalized 
solution has the following form: 



Crj\,i]\[dX dx 
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where y 



y 



n+l 



and the harmonic function is now given by H p = 1 + Q p \y\. When 



Q p < 0, the zeros y = ±Q P of H p correspond to the curvature singularities. When 
Q p > 0, there is no singularity except at y — 0, where the delocalized p-brane is located. 
For the purpose of studying the KK modes of bulk fields, it is convenient to transform 
the transverse coordinate y to a new one y with which the (p + 2) -dimensional part 
of the metric (with the coordinates (x M ,y)) takes the standard form of the RS model 
with the warp factor W. We showed [^5j that bulk graviton can be localized on the 
delocalized p-brane when there are singularities on both sides of the brane. For such 
case, the metric in the new coordinates is given by 
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Note, the parameter K p is always positive when Q p < 0. 

First, we study the localization properties of bosonic bulk fields. All the bosonic 
fields can be collectively considered as g-form potentials, since scalar and U(l) gauge 
fields can be respectively regarded as 0- and 1-form potentials. The action for a massless 
g-form potential A Ml ...M q with the field strength F Ml ...M q+1 = (q + l)<9[Mi^M 2 ...M g+1 ] in 
the D- dimensional bulk spacetime is given by 

S q = - 2 . { q + 1) J dDx ^ GMlNl ■ ■■G Mq+lN<1+1 FM 1 ...M q+1 F Nl ... Nq+1 , (5) 

from which we obtain the following equations of motion for Au x ..Mg'- 

-^=d Ml \^GG M ^ ■ ■ ■ G M ^ N ^F Nl ... Nq J = 0. (6) 

V — Gr L J 

We take the following KK mode ansatz for the bulk g-form potential: 

A pi ... Pq (x»,y,y*) = a^ljx^uM, (7) 

where aS™\ is assumed to satisfy the following field equations for a massive g-form 
potential in (p + l)-dimensional flat spacetime: 



o M1 r(m) 

w J iii...fi q+ i 



/VH M2---A«<7+1 



along with the gauge condition d^aft}^ = 0, where f { ™).^ q+1 = (q + ^d^a^ Pq+i] is 
the field strength of affi „ . Then, from Eq. @ we obtain the following Sturm-Liouville 
equation satisfied by u m (y): 



d v 



W 2 (™ + - 1 » q d y u m 
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m 2 W ^=^ q u m , (9) 



from which we see that the eigenf unctions u m with different eigenvalues m 2 are or- 
thogonal to one another w.r.t. the weighting function w(y) = W 2t - n -v q , provided 
appropriate boundary conditions on u m and u' m are satisfied. In the case of the KK 
zero mode {m — 0), the general solution to Eq. (^) is given by 

p+l (p+n) 2 ag+4(p+l)n 

u (y) = c 1 + c 2 W 2 ^-v +q 8 (™-d , (10) 

where c\ and c 2 are integration constants. It can be shown that the ^-dependent term 
in Eq. ( [TOD gives rise to the mass term in the effective action of the g-form potential, 



which is contradictory to the fact that uq is the KK zero mode. Furthermore, the 
boundary condition on u , where w = W 4 (™- 1 ) 2 w , at y = 0, resulting from the o- 
function potential in the Schrodinger equation satisfied by -u , requires that c<i = 0. So, 
the consistent KK zero mode is independent of y. This KK zero mode is normalizable, 
if its norm 
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is finite, which is the case when 

8(q + l)(n - 1) + 4(p + l)(n + 1) + (p + n) 2 aj > 0. (12) 

Note, the n = case corresponds to the dilatonic domain wall (with codimension one). 
For such case, for the KK zero mode of the form potential with the rank q > (p — l)/2 
to be normalizable, a large enough value of a p is required |26| , as can be seen also from 
Eq. (|T2"D. However, when the codimension of the brane is higher than one (n > 1), the 
KK zero mode of bulk form potential of any ranks q < p is normalizable for any value of 
the dilaton coupling parameter a P . We proposed in Ref. [^] that we have to consider 
the quantity u^{y)w(y) for determining distribution of the bulk field KK zero mode 
across the extra spatial direction. With this criterion we see that field distribution 
of the KK zero mode of the bulk form potential of any ranks is localized around the 
brane (with the codimension higher than one) for any values of a p . So, the delocalized 
p-branes localize bulk form potentials of any ranks in a strict sense, namely, the KK 
zero mode is normalizable and its field distribution is localized around the brane. 

For completeness, we study the dimensional reduction of the bulk form potential 
to a form potential of lower rank. First, we consider the KK zero mode ansatz of the 
following form: 

A lll ... liril ... iq _ r (af,y,y i ) = a w ... /Jr (/)«( 1 /), (13) 

with all the other components vanishing, where q — r < n. Following the similar 
procedure as above, we find that the KK modes are orthogonal w.r.t. the weighting 

(2q-2r-l)(p + l) _, 

function w(y) = W 2 < n - 1 ' r and the consistent KK zero mode is independent 
of y. So, the KK zero mode is normalizable, if the following condition is satisfied: 

8(r + l)(n - 1) + 4(p + l)(n + 1 - 1q + It) + (p + nfa\ > 0. (14) 

As long as q — r < (r + l)(n— l)/(p+ 1) + (n + l)/2, the KK zero mode is normalizable 
for any values of a p . Otherwise, large enough value of ai is required for normalization 
of the KK zero mode. By considering the quantity ul(y)w(y), we see that the field 
distribution for the KK zero mode is localized around the brane, when 

2(r + l)(n - 1) + (p + 1)(1 -2q + 2r) > 0. (15) 



For such case, the KK zero mode is also normalizable for any values of a p and therefore 
the brane localizes the bulk g-form potential in a strict sense. Second, we consider the 
following form of the KK zero mode ansatz: 

A w ...^ ryil ...i 9 _ r _ 1 (x",j/,j/ i ) =a w ... Alp (z A >(s/), (16) 

with all the other components taken to vanish, where q — r — 1 < n. By substituting 
this ansatz into Eq. (|6|), we obtain the following equation satisfied by u(y): 



d y 



(p+l)(2q-2r-3) -. ' 



0, (17) 



(p+l)(3-2q+2r) 



from which we obtain w ~ W 2 (™- 1 ) . To determine the normalizability, we 

substitute this KK zero mode ansatz into the bulk action (||). The resulting action has 
the following form: 

1 fl/Kp 4(2<j-2r-3)(p+l)-8(r+l)(n-l) 

2-(r + l)!i-i/A'/ yl pW 

<F +1 xr) a ^ ■ ■■v ar+lPr+1 U..«r + Jfr...p r+ i, (18) 

from which we see that the KK zero mode is normalizable when 

4(n - 3 + 2q - 2r)(p + 1) - 8(r + l)(n - 1) + (p + n) 2 a\ > 0. (19) 

So, when q — r — 1 > (n — l)(2r — p + l)/2(p + 1), the KK zero mode is normalizable 
for any a p . Otherwise, large enough at is required for the normalization. From the 



integrand of the y integral in Eq. Jig), we see that furthermore the field distribution of 
the KK zero mode is localized around the brane when q— r — 3/2 > (r+l)(n — l)/(p+l), 
for which case the brane localizes the bulk g-form potential in a strict sense. 

Next, we study the localization properties of bulk fermionic fields. First, we consider 
the massless bulk spin- 1/2 fermion \I/ with the action 

S1/2 = J d D xV^Giyr M D M V, (20) 

where D M = 3m + \wmab! AB is the gravitational covariant derivative on a spinor. 
Here, ujmab is the spacetime spin-connection associated with the bulk metric Gmn 
and r ) AB = 7^7 B 1. The convention for the spacetime vector indices are M, N, P, ... 
[A,B,C,...] for the curved [flat-tangent] bulk spacetime indices, //, u, p, ... [a,/3, 7, ...] 
for the curved [flat-tangent] worldvolume spacetime indices, and i,j, k, ... [a, b, c, ...] for 
the curved [flat-tangent] transverse space indices. The gamma matrices T M = E^ I, y A 
with curved indices satisfy {T M , T^} = 2G MN , where i?^ f is the inverse of the vielbein 
£7^. From the bulk action (PH|), we obtain the following equation of motion for the 
bulk spinor field: 

r M (d M + - A u MABl AB )^ = 0, (21) 



which reduces to the following form after the bulk metric (§) is substituted: 

* = 0, (22) 



r y id — — - + r M <9 + r m D 



where Z) m is the gravitational covariant derivative associated with the metric g m n{y 1 )- 
In general, the KK mode ansatz for the bulk spinor has the form 



^{x^y,y i )=^{x^)u{y)x{y i ). 



(23) 



Since we are interested in finding the KK zero mode, we impose the zero mode condi- 
tions 7 a 9 a V — and T m D m x = 0. Then, the bulk equation of motion ( p2[ ) reduces to 
the following equation satisfied by u(y): 



0,, 



p + 1 W 
4(ra- 1) W 



M = 0, 



(24) 



p+i 



from which we have u ~ W 4( " _1) . To check the normalizability, we plug this KK zero 
mode into the bulk action: 



[d D xV^Gmr M D M y ~ / ' dyW? f d p+1 xi^ a d a tfj 

J J-l/Kv J 
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Note, in the case of the dilatonic domain walls |23| , a large enough value of the dilaton 
coupling parameter is required for localizing the bulk spinor field, as can be seen also 
from this equation with n — 0. On the other hand, in the case of the delocalized 
p-brane (with n > 1), the KK zero mode of the bulk fermion is normalizable for any 
a p . Furthermore, when n > 1, the field distribution of the KK zero mode is localized 
around the brane as well, so the brane localizes the bulk fermion in a strict sense. 



Second, we consider the bulk gravitino \Pm with the action 
s 3/2 = [ d D xV^Gi* M r MNP D N * P , 



(26) 



where D M ^ N = 8m^n — ^MN^P Jr \ UJ MAB r ) AB '^N- Here, T P IN is the affine connection 
associated with Gmn and Y MNP = y^ m T n T p \ So, the equation of motion for ^ M is 



^MNP 



D N m P = o. 



(27) 



We choose the gauge \l/ y = and assume \l/ m = 0. In general, the KK mode ansatz 
then has the form: 

^(/.M^^fiXl,)^). (28) 



To obtain the KK zero mode of the bulk gravitino, we impose the zero mode conditions 
j^dpips = and T m D m x = 0, along with the gauge conditions d a ip a = and 7 a V» — 
0. Then, Eq. (|27D reduces to the following equation satisfied by u(y): 



On 



p + 2n - 1 W 

4(n-l) VV 



u 



0. 



(29) 



from which we have u ~ 
substituted takes the form 



p+2n-l 



The bulk action fl26l) with the KK zero mode 



f d D xV^GiV M r MNP D N y p ~ I ' ' dyW^ f d p+1 xiijj (xl a ^d^ 5 . (30) 

J J — 1/ Kp J 

The integrand of the y-integral has the same form as that in the spinor field effective 
action (p5|) . So, the normalization and localization properties of the bulk gravitino 
KK zero mode are the same as those of the bulk spin 1/2 field discussed in the above. 
Namely, the KK zero mode of the bulk spin 3/2 field is normalizable for any a p and 
the delocalized dilatonic p-brane with codimension greater than two (n > 1) localizes 
the bulk spin 3/2 field in a strict sense for any a p . 
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